We consider the wave-structure coupling between an orbital angular momentum beam and a rapidly rotating disk, and present a new configuration exhibiting the wave amplification effect known as rotational superradiance. While initially envisioned in terms of the scattering of an incident wave directed perpendicular to an object's rotation axis, we demonstrate in the context of acoustomechanics that superradiant amplification can also occur with a vortex beam directed parallel to the rotation axis. We propose two different experimental routes: one must either work with rotations high enough that the tangential velocity at the outer edge of the disk exceeds the speed of sound, or use evanescent sound waves. We argue that the latter possibility is more promising, and provides the opportunity to probe a previously unexamined parameter regime in the acoustics of rotating porous media.
We consider the wave-structure coupling between an orbital angular momentum beam and a rapidly rotating disk, and present a new configuration exhibiting the wave amplification effect known as rotational superradiance. While initially envisioned in terms of the scattering of an incident wave directed perpendicular to an object's rotation axis, we demonstrate in the context of acoustomechanics that superradiant amplification can also occur with a vortex beam directed parallel to the rotation axis. We propose two different experimental routes: one must either work with rotations high enough that the tangential velocity at the outer edge of the disk exceeds the speed of sound, or use evanescent sound waves. We argue that the latter possibility is more promising, and provides the opportunity to probe a previously unexamined parameter regime in the acoustics of rotating porous media.
Introduction.-An orbital angular momentum (OAM) beam is a traveling wave with angular momentum in the direction of its propagation. Rather than angular momentum associated with spin degrees of freedom, OAM beams result from spatial wave distributions that have a helical structure. OAM beams can be formed in nearly any effective field theory with propagating modes, such as electromagnetism (i.e. light beams) and fluid dynamics (i.e. sound beams in air or water), and as such have facilitated the widespread application of rotation for science and industry alike. Despite their interest and applicability there is still much to be learned about how OAM beams interact with rapidly rotating objects. In this letter, we present a novel approach demonstrating the amplification or overreflection of OAM beams from a rapidly rotating disk.
Our proposal complements the well-known configuration used to describe rotational superradiance, a celebrated theoretical effect that can occur in gravitational [1, 2] , electromagnetic [3, 4] , and fluid dynamical systems [5] . Theoretical work on rotational superradiance began in the 1970s, though the effect has eluded experimental confirmation until only recently. The first detection of rotational superradiance was achieved for surface waves interacting with a vortex flow [6] . One of the major difficulties inherent to superradiance experiments stems from geometry: given a rotating, partially absorbing object, the standard approach follows Zel'Dovich's original conception, which involves scattering a wave directed perpendicular to the object's rotation axis. Consequently, the incident wave scatters in a continuum of directions, making detection and subsequent analysis of the scattered wave problematic.
Instead of perpendicular, we propose to direct an incident wave (carrying angular momentum) parallel to the object's rotation axis. Hence, within this configuration it is possible to utilise the arguably advantageous OAM beams to probe for superradiance. In cylindrical coordinates (r, θ, z) with the z-axis aligned with the object's angular momentum, our new configuration amounts to scattering in the z-direction, as opposed to in the (r, θ) plane. We therefore reduce the effective dimensionality of the scattering setup, resulting in a conceptual as well as practical simplification that admits a more transparent theoretical description. The simplifications our approach brings with it broaden the range of possible applications.
Below we will apply our new framework for superradiance to the fluid dynamical model of acoustic vortex beams to demonstrate the simplicity of the theoretical description that follows from aligning the directions of the incident and scattered waves, and make comparisons with previous fluid dynamical approaches. We prove that in the superradiant regime, one cannot both operate the disk with solely subsonic tangential velocities and use propagating modes for the wave scattering. One must therefore either rotate the disk fast enough for part of it to travel supersonically, or else work with evanescent waves. We then focus on the experimental implementation of our proposal for sound waves in air. We provide a new expression for the surface impedance at the fluiddisk interface, and calculate the amplification spectra for experimentally feasible parameters. This is followed by a detailed discussion of vortex beam generation and detection of the scattered wave. By taking all of the above into account we argue that the implementation of our proposal is within experimental reach. Finally, we comment on the applicability of our proposal to electromagnetic systems, which could potentially allow quantum aspects of superradiance to be observed.
Theoretical model.-The fluid we consider to be barotropic, and bounded by a cylindrical tube of inner radius R. At one end of the tube a coaxial rotating disk composed of sound-absorbing material is inserted. The disk is aligned with a cylindrical coordinate system (r, θ, z) such that the surface of the disk is located at z = 0. At the opposite end of the tube (which is pointing at the positive z-direction) acoustic waves are produced, and are guided through the cylinder towards the fluiddisk interface. Away from the disk we assume a uniform background density ρ 0 and vanishing background flow u 0 . The acoustic velocity u is then irrotational, and can be expressed in terms of a potential Φ as u = ∇Φ.
For a monochromatic sound wave with frequency ω and total wavenumber k, we can write the acoustic pressure as p = c 2 ρ = iωρ 0 Φ, with c = ω/k = B a /ρ 0 the phase speed and B a the (adiabatic) bulk modulus of the fluid. The velocity potential for such a monochromatic sound wave obeys the Helmholtz equation ∇ 2 Φ + k 2 Φ = 0. The fluid is enclosed by the tube at r = R, so we enforce the impermeability boundary condition,
At the surface of the disk, determination of the boundary condition is less straightforward. To absorb sound, we assume a disk made of a porous/fibrous material. There is a large amount of literature devoted to the dynamics of fluids in saturated porous materials (see [7] and references therein), though motion of the porous frame is neglected in most work. A notable exception is Auriault's analysis of acoustic waves in the saturating fluid coupled with elastic waves in deformable, poroelastic media undergoing steady rotation at an angular velocity Ω [8] . Auriault uses a technique known as homogenization, which involves averaging over a representative volume element (RVE) containing sufficient pores to allow for a coarse-grained description at the macroscopic scale [9] . We follow Auriault's approach to characterize the fluid-structure interaction at the disk surface, but since we ultimately wish to implement our proposal with sound waves in air, the frame can be treated as rigid: the bulk moduli of most porous materials are much larger than the bulk modulus of air, so elastic waves in the frame are not excited by acoustic waves in the fluid [10] . One then expects a macroscopic description of the acoustics in terms of an effective fluid propagating on a rotating background. Defining features of the effective fluid are determined by the extent of drag and other interactions with the rotating porous frame. Within nonrotating anisotropic rigid-framed porous media, quasistationary fluid motion obeys Darcy's law,
where µ is the fluid viscosity, K(ω) is the permeability tensor, and the filtration velocity v (also known as the Darcy velocity) represents the pore-scale fluid velocity averaged over a RVE [11, 12] . Isotropy at the macroscopic level corresponds to a scalar permeability, multiplied by the unit tensor. We describe in the Supplemental Material how linearity between the pressure gradient and the filtration velocity is still maintained when the disk undergoes a rigid rotation with constant angular velocity Ω. The tensor defining the linearity between ∇p and v can still be interpreted as a (dynamic) permeability K, but unlike the nonrotating case, K is not symmetric, and depends on Ω.
Mass conservation at the fluid-disk interface implies continuity of the normal fluid displacement, provided the flow remains laminar. When the interface is nonrotating and the acoustic modes are harmonic, this is equivalent to continuity of normal fluid velocity; allowing the disk to rotate shifts the effective frequency of acoustic modes within the disk, producing a discontinuity in the normal fluid velocity. In [5] , sound absorption by a rotating porous object is described in the co-rotating frame by an impedance condition p = −Z u · n, where n is the unit surface normal and the co-rotating surface impedanceZ is a frequency-dependent complex function that encapsulates how the surface interacts with impinging sound waves [13, 14] . For the monochromatic modes under consideration, the co-rotating impedance condition is
which rests on the assumption that an impedance condition applies in a frame co-rotating with the disk. In the Supplemental Material, we relax this assumption, and by careful analysis of fluid behaviour at the surface of the disk derive a laboratory-frame surface impedance given by
whereω = ω − mΩ andk z are the co-rotating wave frequency and axial wavenumber, ϕ is the porosity (fraction of air volume to total volume in the disk),ω c = µϕ/ρ 0 K 0 is a characteristic frequency scale defined by the viscosity and the pore geometry, and K 0 is the (static) permeability of the disk.
For simplicity of presentation, we will work with the condition (3); deviations occurring due to the more accurate condition (4) are of interest in their own right, and can be explored when implementing our approach experimentally.
Superradiant amplification.-The Helmholtz equation for the acoustic potential has separable solutions of the form Φ = J m (k r r)e imθ e ikzz e −iωt , where J m (k r r) is a Bessel function of the first kind, and m is an integer that indicates the topological charge of the mode. The radial and axial wavenumbers are given by k r and k z , and are related to the total wavenumber k by the relation
. The boundary condition (1) then implies J m (k r R) = 0. Denoting the n th zero of J m by x mn , we can equivalently express this condition as k r R = x mn , which makes explicit the constraint imposed on the allowed radial wavenumbers. Therefore, there are two kinds of modes in this setup: propagating modes, where
r is real, and evanescent modes, with purely imaginary k z . In our setup the incoming wave travels in the negative z direction, and a reflected wave travels back in the positive z direction. The acoustic velocity potential can then be written as
The amplification factor is defined as
, and in our case it is given by
withχ = ρ 0ω /k zZ . Superradiance occurs if the amplification is positive (A ωm > 0). Since the real part of the impedance is positive for absorptive materials, expression (6) indicates that for propagating modes the amplification is positive whenever ω −mΩ is negative. If the mode is evanescent, the amplification defined by (6) is positive whenever both ω − mΩ and the imaginary part of the impedance are negative. To plot amplification spectra arising within our setup, we define the following dimensionless quantities:Ẑ = Z/ρ 0 c, σ = ω/mΩ, and σ = cx mn /mΩR. It follows thatχ
For co-rotating (m > 0) modes, the parameter σ is positive, and provides a measure of the sound speed relative to the tangential velocity at the outer edge of the disk. The value σ = 0 represents the limit of large disk radius, whereby the axial wavevector k z is much greater than the radial wavevector k r . The dimensionless impedance of "typical" porous/fibrous materials is often taken to bê Z = 1 − i [5] . As can be deduced from the Supplemental Material, the accuracy of this estimate depends on the frequency of the acoustic mode. Amplification spectra for propagating modes in our setup. along the horizontal axis at σ = σ , in which case the axial wavevector vanishes (k z = 0) and all of the mode energy comes from angular momentum (k = k r ). One can also observe from Figure 2 that maxima of the amplification factor have the same height for 0 ≤ σ ≤ 1. The maximal amplification for this entire parameter range can then be determined by considering the σ = 0 case (the R → ∞ limit), from which one easily obtains a maximal amplification of A ωm = √ 2(2+ √ 2). Upon comparison with the original superradiance setup [5] , we find that the new scattering configuration can produce a nontrivial increase in the amount of superradiant amplification. For positive values of σ that are sufficiently less than unity, we also find a much broader maximum than in the original approach. A discussion of the amplification of the evanescent modes will be given in the following section.
Experimental implementation.-We will now discuss a specific experimental proposal for observing superradiance with OAM beams focussing on its feasibility using current technology. The geometrical arrangement of the experimental components is apparent from the schematics in Figure 1 : OAM beam source, an effectively lossless cylindrical enclosure of given inner radius R and length L, and a sufficiently rapidly rotating disk composed of sound absorbing material.
Techniques to produce OAM beams. Depending on the context, these types of waves are often referred to as either vortex beams, or in the specific case of acoustics, as "sonic screwdrivers", due to the torque they can exert on sound absorbing objects [15] . OAM beam generation can be accomplished in two different ways. A passive technique, using either a spiral grating [16, 17] , acoustic resonance [18] , or a metamaterial [19] . The passive techniques are relatively easy to construct and require less computational power, but this often comes at the cost of tunability, which would restrict exploration of the parameter space. This in contrast to the active technique, using a phase-controlled array of piezoelectric transducers [15, 20, 21] . If one seeks to test the accuracy of the impedance condition for a wide range of beam frequencies and rotation rates, a transducer array is the ideal method of beam generation.
Cylindrical enclosure. The cylindrical tubing serves to isolate the OAM modes from environmental noise sources, as well as providing infrastructure to monitor the acoustic pressure field. The measurement of the amplification factor can be achieved by attaching an array of microphones reaching the inner surface of the tube, which allows the pressure field to be reconstructed. The amplification factor can then be deduced by fitting the acoustic velocity potential Φ obtained from the acoustic pressure measurements via Φ = p/iωρ 0 with the predicted form (5) . The phase speed c of acoustic waves in air is 343 m/s, and hence a characteristic length scale for both propagating and evanescent modes is given by c/f , where f is its frequency. Therefore, for our system to contain a manageable number of characteristics lengths, it is desirable to work in the kHz frequency range, which corresponds to a length scale of 1m. The radial confinement of the tube is limited by the fact that one end of the tube is closed by a rapidly rotating disk of the same radius.
Rotating disk specification. Beam frequencies any higher than the kHz range are undesirable, since the superradiance condition implies that we must rotate our porous/fibrous disk at approximately the same frequency, and higher rotation rates are difficult to stabilize. Due to drag, rapid rotations can also create centrifugal pumping, but this effect can be minimized by using a frame with cylindrical pores aligned with the rotation axis of the disk. Working with rotation rates near the kHz range requires an extremely strong material, since at the outer disk edge the centripetal acceleration (a c = RΩ 2 ) will be approaching 10 5 g (with g = 9.8m s −2 being the acceleration due to gravity). Typical porous/fibrous materials cannot sustain the associated tensile loads, but a foam made from the less familiar silicon carbide appears to be able to accommodate our demands [22] [23] [24] . Ifā c is the maximum centripetal acceleration a specific disk can support, then for subsonic disk motion we must keep the rotation rate Ω belowā c /c.
Though larger amplification is possible with propagating modes, we consider it preferable experimentally to work with the evanescent modes, for the following reason. Using the relation k = ω/c and the radial constraint k r R = x mn we can write the axial wavevector as k z = (1/c) ω 2 − (cx mn /R) 2 , which is real whenever ω > cx mn /R. In the superradiant regime ω−mΩ < 0, we then find that RΩ > c(x mn /m) for propagating modes. The zeros of J m obey x mn /m > 1, so we conclude that the tangential velocity RΩ at the outer edge of the disk must exceed the speed of sound c. Thus, part of the disk must move supersonically in order to superradiate propagating modes, which in general leads to instabilities [5] . It may be possible to eliminate the influence of instabilities by placing a membrane above the disk surface that transmits acoustic modes but prevents passage of fluid flow, but for experimental implementation these complications can be avoided by working solely with evanescent modes.
Measuring superradiance in the evanescent case requires a different approach than in the propagating case: if k z = iκ, then the squared-norm of (5) is proportional to cosh 2κ(z − z 0 ) + cos 2α, with α + /α − = e 2κz0+2iα (α is a phase-shift, and z 0 determines the amplification). By relating the acoustic potential Φ to the acoustic pressure p, one can locate the minimum z 0 in the pressure field within the tube to obtain the amplification.
In practice, the impedance of a sound-absorbing material varies with the frequency of the incident wave. To test whether such frequency dependence affects the preceding results, we consider the empirical impedance function for the porous/fibrous absorbent materials studied in [14] , which has the complex power-law form
73 . This empirical impedance is a function of the frequency f = ω/2π scaled by the flow resistance σ 0 , and is valid for f in the range 250 − 4000 Hz, for materials with flow resistances of 2 − 80 g s −1 cm −3 (i.e. 2000 − 80, 000Pa s m −2 ) [14] . We plot the resulting superradiant spectra for evanescent modes in Figure 3 . While superradiance is slightly suppressed compared to the idealized caseẐ = 1 − i, Figure 3 demonstrates that the amplification factor in our proposal can be larger than in the original configuration [5] , for either propagating or evanescent modes.
Conclusion.-We have seen in the example of acousto-mechanics that our new direction for rotational superradiance leads to a simplified theoretical description. The associated effective dimensional reduction of the scattering arrangement also lowers the complexity of the experimental setup. We also derived a more accurate expression for the surface impedance of the fluid-disk interface at rapid relative rotation.
The results presented above indicate that our proposal offers a promising new way to explore superradiance experimentally. By following our suggested alignment of the wave propagation direction and disk rotation axis the amplification process is more efficient, leading to higher amplification compared to the standard approach. Guided by the theoretical model detailed in the Supplemental Material, our proposal also offers a new way to explore uncharted parameter regimes in the acoustics of rapidly-rotating porous media, which would further our understanding of the role angular momenta play in wavestructure interactions. Based on the similarities between acousto-mechanics and optomechanics [25] , and the recent success measuring entanglement between rotating mirrors and laser modes with very high OAM [26] [27] [28] , our new scattering direction may also allow quantum features of rotational superradiance to be observed in a laboratory setting.
To understand how our system behaves at the fluiddisk interface, we take the rigid-frame limit of Auriault's equations (101)-(104) [8] , which corresponds to setting the displacement of the solid frame to zero (with respect to the steady rotation at angular velocity Ω). One then finds the independent equations
and
where U f is the acoustic fluid displacement, ϕ is the porosity, µ is the dynamic viscosity of the fluid, and β is the dimensionless fluid compressibility. The permeability tensor K depends on the co-rotating acoustic frequencȳ ω = ω − mΩ, as well as the angular velocity vector Ω, though the explicit functional form given by Auriault applies only to an idealized and very particular situation. We now provide a more general expression for the permeability, resulting in a model capable of describing the scattering of acoustic vortex beams described in our experimental proposal. At the pore scale, the local dynamics for acoustic disturbances in a viscous, saturating fluid with respect to a corotating coordinate system are given by
where u f = ∂ t U f is the acoustic fluid velocity associated with the displacement U f . Since the pore scale is much smaller than the acoustic scale, the fluid density ρ is taken to be constant here, and compressibility of the fluid is neglected. After obtaining an explicit permeability tensor, we will return to the description defined by (S1) and (S2), which takes into account compressibility.
Taking an intrinsic average of (S3) over a representative volume element (RVE) containing many pores, one concludes that a linear relationship exists between ∇p and the intrinsic average fluid velocity u f :
where l is the characteristic pore scale, L is the macroscopic scale, and H = µK −1 [8] . Auriault notes a characteristic frequency ω c = µ/ρ 0 l 2 , and distinguishes between the low frequency regimeω < ω c , where viscous effects are dominant, and the high frequency regimē ω > ω c , where inertial effects are dominant.
In the high frequency regime, one can neglect the viscous term in (S3). Straightforward averaging of the resulting equation then leads to the lowest-order expression
ϕ A, where A has components
The real part of H relates to dissipation, whereas the imaginary part has inertial origins. One can see from (S6) that the high frequency regime has a primarily imaginary H, with real contributions coming solely from the Coriolis term. At this point, Auriault proceeds to determine K(ω, Ω) for a particular idealized pore geometry composed of plane fissures, by solving the boundary value problem at the pore scale, and averaging the solution. Pore geometries one encounters in practice are often too complicated for the boundary value problem at the pore scale to be tractable, so we will instead observe from the linearity of (S3) that H can be written in the form
where H 0 arises due to viscosity. For a macroscopically isotropic medium, neglecting the inertial terms leads to H = H 0 = µ K0 δ, with δ denoting the unit tensor. This case represents the quasi-stationary, isotropic form of Darcy's filtration law, usually expressed as
with v = u f being the filtration velocity. The quantity K 0 can be interpreted as the static permeability of the disk.
We can therefore obtain a macroscopic description of acoustics in the rotating porous disk by including both viscous and inertial terms in H ≡ µK −1 :
with A defined by (S6). The components of the resulting generalized Darcy law ∇p = −H(ω, Ω)v can be expressed in co-rotating cylindrical coordinates as
Isotropy in the transverse ({r,θ}) plane implies α
θθ . Using the ansatz p ∼ Jm(k r r)e imθ e −ikzz in (S16) yields the dispersion relation
To proceed further, we must invert the matrix formed by cylindrical components of H. Fortunately, H is block diagonal with respect to the axial (z) and transverse ({r,θ}) coordinates. From the z-component (S12) of ∇p = −Hv we immediately have H
. The remaining transverse block of H will be denoted by H ⊥ , such that
(S18) The inverse is given by a similar expression, but with the signs of the off-diagonal elements swapped and an overall factor of (det
, the components of α −1 relevant to completing specification of the dispersion relation (S17) can be written
Interface Conditions and the Surface Impedance
The surface of our porous disk is at z = 0, with the pure-fluid region (hereafter be referred to as "region I") occupying the positive z half-space within the tube of radius R. To accurately predict how sound scatters from the rotating disk, we must determine how acoustic modes from region I couple at the fluid-disk interface to accessible modes within the porous disk (hereafter referred to as "region II").
The acoustic fluid pressure is continuous across the interface, as expressed by the relation
We denote the co-rotating axial wavenumber byk z , the co-rotating radial wavenumber byk r , and the co-rotating frequency byω. We suppose the disk is thick enough that the transmitted wave attenuates fast enough to ignore reflections from the rigid backing. The pressure in region II can then be written as
whereθ = θ − Ωt, with θ being the azimuthal angle defined with respect to the nonrotating (laboratory) coordinate system. In region I, the acoustic fluid velocity field is u = ∇Φ, and the acoustic pressure is p = iωρ 0 Φ, with the potential Φ given by
Pressure continuity (S21) then impliesk r = k r ,m = m, ω = ω − mΩ, and
Conservation of fluid mass implies continuity of the normal fluid displacement at z = 0, since we are neglecting small variations in the density. In the absence of rotation, continuity of the normal displacement implies continuity of the normal velocity for harmonic modes, since the time dependence appears as e −iωt . For nonvanishing rotations, acoustic modes that vary as e −iωt with respect to the laboratory frame vary as e −iωt with respect to the co-rotating frame. For these modes, differentiation with respect to time within the disk is thus equivalent to multiplication by −iω, i.e. the relevant frequency relating to time evolution is the convective frequency (in this case equal to the co-rotating frequencȳ ω = ω − mΩ). Consequently, continuity of the normal fluid displacement implies a discontinuity in the normal fluid velocity; for modes that are harmonic with respect to the laboratory frame, the quantity that is continuous across the fluid-disk interface is the fluid velocity divided by the convective frequency.
Since only a fraction ϕ of the disk volume is occupied by the saturating fluid, one can distinguish between the filtration velocity v and the intrinsic fluid velocity V , obtained by averaging only over pores themselves. The two types of averages are connected by the Dupuit-Forchheimer relationship, v = ϕV , which expresses quantitatively the difference between averaging the pore-scale fluid velocity over the whole RVE and averaging just over the pores [7] . Therefore, the correct expression connecting the normal velocities across the interface is 1 −iω u ·ẑ| z=0
Using (S12), the condition (S25) implies
Combining (S24) and (S26), we find
with the definition
It follows that the reflection amplitude α + /α − is given by
The surface impedance is defined as Z = −p u·n , withn being the unit surface normal. Note that this interpretation of surface impedance allows a coupling between the monochromatic modes in the pipe to both the irrotational and vortical modes in the disk, which did not occur in previous work [5] . In our casen =ẑ, which leads to the expressions
The impedance (S30) can also be used to express the reflection amplitude as
where Einstein summation is assumed and an overdot indicates a time derivative. The rotating frame has angular velocity Ω, and the quantityU jēj is simply the velocity with respect to the rotating frame, so the stationaryframe velocity (S41) takes the more intuitive form
If the velocity is harmonic in time with frequencyω, then the displacement U can be written U = v/(−iω), and in cylindrical coordinates the transformation (S42) becomes
Finally, one can switch to the laboratory basis if desired, using the relationsē r = e r | θ=θ+Ωt ,ē θ = e θ | θ=θ+Ωt ,ē z = e z .
Asymptotic Behaviour
To gain intuition about the physics contained in the expressions for the impedance (S30) and the reflection amplitude (S29), we consider the behaviour in the high frequency regime, defined byω ω c . It is this regime that is relevant to our experimental proposal.
The high frequency limit is equivalent toω c → 0, which also coincides with the highly permeable limit K 0 → ∞. One then finds
